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1 Introduction

We consider the no-idle /no-wait two-stage flow shop according to the following specifications.
There is a set of n jobs available at time zero; each job j must be processed non-preemptively
on two continuously available machines M;, M, with known integer processing times a;, b;,
respectively. The order of processing is M; — M, for all jobs. Each machine can process at most
one job at a time and the operations of each job cannot overlap. Also, for any given sequence, [J]
denotes the job in position j. We will focus primarily on the makespan as performance measure.
Using the general three-field notation [4], the related two-machine flow shop problem is denoted
by F2|no —idle,no — wait|Crax. In [1], it is mentioned that both problems F2|no —idle| Y- C;
and F2|no—wait| )" C; are N P-hard. Similar consideration holds for problem F'2|no—idle, no—
wait| Y C;. The recent literature on no — wait flow shop scheduling includes [3] where it is
shown that minimizing the number of interruptions on any machine is polynomially solvable
on two machines and N P-hard on three or more machines.

Notice that the no — idle, no — wait requirement is very strong as it forces consecutive jobs
to share common processing times. As an example, any feasible solution for F2|no — idle, no —
wait|Cpax, requires that Vi € ...,n —1, biy) = ajiy1)- Figure 1 provides an illustrative example
of a feasible no-idle, no-wait schedule for a two-machine flow shop with four jobs.
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FIG. 1 — A no-idle no-wait schedule for a 2-machine flow shop

2 Main result

The peculiarity of the no-idle, no-wait effect strictly links the above mentioned flow shop
problem to the game of dominoes. Dominoes are 1 x 2 rectangular tiles with each 1 x 1
square marked with spots indicating a number. A traditional set of dominoes consists of all 28
unordered pairs of numbers between 0 and 6. We refer here to the generalization of dominoes



presented in [2] in which n tiles are present, each of the tiles can have any integer (or symbol)
on each end and not necessarily all pairs of numbers are present. In [2], it is shown that the
Single Player Dominoes (SPD) problem, where a single player tries to lay down all dominoes
in a chain with the numbers matching at each adjacency, is polynomially solvable as it can be
seen as the solution of a eulerian path problem on an undirected multigraph. Figure 2 shows
the solution of an SPD problem with 12 tiles with numbers included between 0 and 6.

FIG. 2 — Solution of an SDD problem with 12 dominoes

We refer here to the oriented version of SPD called OSPD where all dominoes have an
orientation, e.g. if the numbers are ¢ and j, only the orientation i — j is allowed but not
viceversa. It is easy to show that also the OSDD problem is polynomially solvable as it can
be seen as the solution of a eulerian path problem on a directed multigraph. The following
proposition holds.

Proposition 1 Problems F2|no—idle,no— wait|Crax and OSDD are equivalent. Correspon-
dingly, problem F2|no — idle,no — wait|Cpax is polynomially solvable.

The no-idle, no-wait 2-machine flow shop problem is also linked to a special case of the
Hamiltonian Path problem. Consider a digraph G(V, A) that has the following property : if
SiNS; # @ then S; = S; where we denote by S; the set of successors of vertex ¢. In other words,
each pair of vertices either has no common successors or has all successors in common. Let
indicate the Hamiltonian path problem in that graph as the Common Successors Hamiltonian
path (CSHP) problem. The following proposition holds.

Proposition 2 CSHP « F2|no — idle,no — wait|Crax. Correspondingly, problem CSHP is
polynomially solvable.

By exploiting Proposition 2, the following proposition holds.

Proposition 3 Problem F|no — idle,no — wait|Cyax is polynomially solvable.
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